Abstract. Let φ ∈ Q(z) be a polynomial or rational function of degree 2. A special case of Morton and Silverman's Dynamical Uniform Boundedness Conjecture states that the number of rational preperiodic points of φ is bounded above by an absolute constant. A related conjecture of Silverman states that the canonical heightĥ φ (x) of a non-preperiodic rational point x is bounded below by a uniform multiple of the height of φ itself. We provide support for these conjectures by computing the set of preperiodic and small height rational points for a set of degree 2 maps far beyond the range of previous searches.
Abstract. Let φ ∈ Q(z) be a polynomial or rational function of degree 2. A special case of Morton and Silverman's Dynamical Uniform Boundedness Conjecture states that the number of rational preperiodic points of φ is bounded above by an absolute constant. A related conjecture of Silverman states that the canonical heightĥ φ (x) of a non-preperiodic rational point x is bounded below by a uniform multiple of the height of φ itself. We provide support for these conjectures by computing the set of preperiodic and small height rational points for a set of degree 2 maps far beyond the range of previous searches.
In this paper, we consider the dynamics of a rational function φ(z) ∈ Q(z) acting on P 1 (Q). The degree of φ = f /g is deg φ := max{deg f, deg g}, where f, g ∈ Q[z] have no common factors. Define φ 0 (z) = z, and for every n ≥ 1, let φ n (z) = φ • φ n−1 (z); that is, φ n is the n-th iterate of φ under composition. In this context, the automorphism group PGL(2, Q) of P 1 (Q) acts on Q(z) by conjugation. The forward orbit of a point x ∈ P 1 (Q) is the set of iterates O(x) = O φ (x) := {φ n (x) : n ≥ 0}.
The point x is said to be periodic under φ if there is an integer n ≥ 1 such that φ n (x) = x. In that case, we say x is n-periodic, we call the orbit O(x) an n-cycle, and we call n the period of x, or of the cycle. The smallest period n ≥ 1 of a periodic point x is called the minimal period of x, or of the cycle. More generally, x is preperiodic under φ if there are integers n > m ≥ 0 such that φ n (x) = φ m (x). Equivalently, φ m (x) is periodic for some m ≥ 0; also equivalently, the forward orbit O(x) is finite. We denote the set of preperiodic points of φ in P 1 (Q) by Preper(φ, Q). In 1950, using the theory of arithmetic heights, Northcott [23] proved that if deg φ ≥ 2, then φ has only finitely many preperiodic points in P 1 (Q). (In fact, he proved a far more general finiteness result, for morphisms of P N over any number field.) In 1994, Morton and Silverman proposed a dynamical Uniform Boundedness Conjecture [20, 21] ; for φ ∈ Q(z) acting on P 1 (Q), it says the following.
. The first few iterates of this pair (x, φ), first discovered in [10] The small canonical height ratioĥ φ ( 7 12 )/h(φ) ≈ .0066 makes precise the observation that although the numerators and denominators of the iterates eventually explode in size, it takes several iterations for the explosion to get underway.
In this paper, we investigate quadratic polynomials and rational functions with coefficients in Q, looking for rational points that either are preperiodic or have small canonical height. More precisely, we search for pairs (x, φ) for which either x is preperiodic under φ or the ratioĥ φ (x)/h(φ) is positive but especially small.
Past computational investigations of this type (such as those in [9, 10] for quadratic polynomials, or [3] for cubic polynomials) have started with the map φ and then computed the full set Preper(φ, Q) of rational preperiodic points, or the full set of rational points of small canonical height. This is a slow process, because for any given φ, the region in P 1 (Q) that must be exhaustively searched is usually quite large, and the overwhelming majority of points in the region turn out to be false alarms. However, since we are looking for only a single point x with an interesting forward orbit, we can start with the point x and then search for maps φ that give interesting orbits for x. This strategy ends up testing far fewer pairs (x, φ) that never really had a chance of being preperiodic or having small height ratio, and hence we can push our computations much further.
Our computations provide further evidence for Conjectures 1, 2, and 3. First, in spite of our very large search region, we found no quadratic polynomials with any Q-rational preperiodic structures not already observed and classified in [25] , providing support for Conjecture 1, or more precisely, for Conjecture 2. Second, we also found a number of new pairs (x, φ) with small canonical height ratio for φ a quadratic polynomial, but (7/2, z 2 − 181/144) remains the record-holder. This supports Conjecture 3, as even our much larger search region turned up no points breaking the previously existing record. In particular, we are led to propose the following. For any polynomial φ ∈ Q[z] with deg φ = 2, let h(φ) = h(c), where c ∈ Q is the unique rational number such that φ is conjugate to z → z 2 + c.
Third, regarding quadratic rational functions, which had not been previously studied at this level of generality, we found several new preperiodic orbit structures. Most notably, we found many degree two maps with 14 Q-rational preperiodic points, including one with a Q-rational periodic cycle of period 7:
with periodic cycle
Each of the seven rational points above also has exactly one rational preimage outside the cycle. respectively, and Preper(φ, Q) consists of precisely these fourteen points.
Fourth, we found pairs (x, φ) ∈ P 1 (Q) × Q(z) with deg(φ) = 2 and with canonical height ratioĥ φ (x)/h(x) much smaller than .0066, the record for quadratic polynomials. But again, the pairs (x, φ) of especially small height ratio, as well as the first maps with 14 rational preperiodic points, turned up early in our large search. This support for Conjectures 1 and 3 inspired the following more specific statements for quadratic rational maps.
Conjecture 5. Let ψ(z) = (10z 2 − 7z − 3)/(10z 2 + 37z + 9), and let
For any rational function φ ∈ Q(z) with deg φ = 2, and any
The outline of the paper is as follows. In Section 1 we review some background: heights, canonical heights, multipliers of periodic points, valuations, and good reduction. In Section 2 we recall and then sharpen some known facts about the dynamics of quadratic polynomials over Q, and we describe our search algorithm. We then summarize and discuss our data from that search. Finally, in Section 3, we do a similar analysis for quadratic rational functions over Q. We also state and prove the following result suggested by our data; see Theorem 3.6 for a more precise version.
Theorem. Let X 5,2 be the parameter space of all pairs (x, φ) with x ∈ P 1 and φ a rational function of degree 2, up to coordinate change, for which the forward orbit of x consists of five strictly preperiodic points followed by a periodic cycle of period 2. Then X 5,2 is birational over Q to an elliptic surface of positive rank over Q(t) with infinitely many Q-rational points.
Background
The standard (Weil) height function on Q is the function h : P 1 (Q) → R given by h(x) := log max{|m|, |n|}, if we write x = m/n in lowest terms and write ∞ as 1/0. It has a well-known extension to a function h : P 1 (Q) → R, although that extension will not be of much concern to us here. The height function satisfies two important properties. First, for any φ(z) ∈ Q(z), there is a constant C = C(φ) such that
where d = deg φ. Second, for any bound B ∈ R,
For any fixed φ ∈ Q(z) of degree d ≥ 2, the canonical height functionĥ φ :
and it satisfies the functional equation
In addition, there is a constant
Northcott's Theorem [23] that # Preper(φ, Q) < ∞ is immediate from properties (1.1), (1.2), and (1.3), since they imply that for any x ∈ P 1 (Q),ĥ(x) = 0 if and only if x is preperiodic under φ. (In fact, Northcott proved this equivalence for any x ∈ P 1 (Q)). Meanwhile, our canonical height computations will require the following result. Then D > 0, and for all x ∈ P 1 (Q) and all integers i ≥ 0,
Proof. The function
Moreover, F is real-valued, positive, and continuous on the compact set R ∪ {∞}, and hence the minimum D is indeed both attained and positive. As shown in the proof of Lemma III.
for all x ∈ P 1 (Q). Bounding F (x) by D, and applying φ repeatedly to φ i (x), we have
for all x ∈ Q and all i, m ≥ 0. Dividing by d i+m and taking the limit as m → ∞ gives the desired inequality.
For more background on heights and canonical heights, see [12, Section B.2] , [15, Chapter 3] , or [28, Chapter 3] .
The following notion of good reduction of a dynamical system, which we state here only over Q, was first proposed in [20] .
have no common factors in Z[z]. Let d = deg φ = max{deg f, deg g}, and let p be a prime number. Let f , g ∈ F p [z] be the reductions of f and g modulo p. If deg(f /g) = d, we say that φ has good reduction at p; otherwise, we say φ has bad reduction at p. Finally, if φ ∈ Q(z) is a rational function, and x ∈ Q is a periodic point of φ of minimal period n, the multiplier of x is (φ n ) ′ (x). The multiplier is invariant under coordinate change, and therefore one can compute the multiplier of a periodic point at x = ∞ by changing coordinates to move it elsewhere. We will need multipliers to discuss rational functions in Section 3.
Quadratic Polynomials
It is well known that (except in characteristic 2), any quadratic polynomial is conjugate over the base field to a unique one of the form φ c (z) := z 2 + c. (Scaling guarantees the polynomial is monic, and an appropriate translation to complete the square eliminates the linear term.) Thus, the moduli space of quadratic polynomials up to conjugacy is A 1 , where the parameter c ∈ A 1 corresponds to φ c . For the purposes of Conjecture 3, then, the height of φ c itself is
In addition, let us denote the canonical height associated to φ c as simplyĥ c . However, we are really interested in pairs (x, c) for which the point x ∈ P 1 either is preperiodic with a long forward orbit under φ c , or else has very small canonical height under φ c , as compared with h(c). The appropriate moduli space of such pairs is therefore
x is simply a fixed point with canonical height 0. Thus, we may restrict ourselves to the subspace
When working over Q, we can restrict ourselves even further. The following lemma is well known, but we include the short proof for the convenience of the reader.
Lemma 2.1. Let x, c ∈ Q, and suppose that x is preperiodic under φ c (z) = z 2 + c. Then writing x = m/n in lowest terms, we must have c = k/n 2 , where k ∈ Z satisfies (a) k ≡ −m 2 (mod n), (b) the integers n and (k + m 2 )/n are relatively prime, (c) k ≤ n 2 /4, and
Proof. Write c = k/N, where k, N ∈ Z are relatively prime, and
The denominator of (2.1) has v p (n 2 N) = 2r + s. If s > 2r, then the numerator has v p (m 2 N + kn 2 ) = 2r, and hence v p (φ c (x)) = −s. On the other hand, if s < 2r, then the numerator has v p (m 2 N + kn 2 ) = s, and hence v p (φ c (x)) = −2r. Either way, then,
c (x)) will strictly decrease with i, contradicting the hypothesis that x is preperiodic. Therefore, c = k/n 2 , with k ∈ Z relatively prime to n. Applying the previous paragraph to any preperiodic point, not just x, we see that all preperiodic points of φ in Q have denominator exactly n when written in lowest terms. In particular, φ c (x) = (k + m 2 )/n 2 is preperiodic. Hence, n|(k + m 2 ), and (k + m 2 )/n must be relatively prime to n, giving us statements (a) and (b).
Next, if c > 1/4, then for any y ∈ R, we have
Thus, {φ n c (x)} n≥0 is a strictly increasing sequence, contradicting the hypothesis that x is preperiodic. Hence, c ≤ 1/4, giving us statement (c).
Finally, if c ≥ −2, then for any y ∈ R with |y| > 2,
Just as in the previous paragraph, then, {φ n c (x)} n≥0 is strictly increasing if |x| > 2, contradicting the preperiodicity hypothesis. Similarly, if c < −2, then noting that
, and hence for x ∈ Q to be preperiodic, we must have
We can improve the bound of Lemma 2.1.(c) with a minor extra assumption, as follows. First of all, using Lemma 2.1, it is easy to see that
In both cases, it follows immediately that each preperiodic point has forward orbit of length at most 2. Second of all, for any c ∈ (−3/4, 1/4), the dynamics of φ c on R has two fixed points, at a < b ∈ R, and every point in R is either attracted to ∞ under iteration, or attracted to a under iteration, or equal to ±b; and φ c (±b) = b. This well known fact is easy to check; see, for example, Section VIII.1, and especially Theorem VIII.1.3, of [6] . (Indeed, the c-interval (−3/4, 1/4) is precisely the intersection of the main cardioid of the Mandelbrot set with the real line.) Thus, the only rational preperiodic orbits of φ must end in fixed points. However, in part 6 of Theorem 3 of [25] , Poonen proved that for x, c ∈ Q, if x is preperiodic to a fixed point, then #O(x) ≤ 3, as desired.
Lemmas 2.1 and 2.2 are only about the case that the point x ∈ Q is preperiodic for φ c . The following result, using similar ideas as those in Lemma 2.1, is also relevant to finding non-preperiodic points of small canonical height. Lemma 2.3. Let x, c ∈ Q, let φ c (z) = z 2 + c, and let p be a prime number. Set s := v p (c), and suppose v p (φ i (x)) < min{0, s/2} for some i ≥ 0. Then
Proof. Let r = v p (x). If s ≥ 0, suppose first that r ≥ 0 as well. Then v p (φ j (x)) ≥ 0 for all j ≥ 0, contradicting our hypotheses. Thus, we must have r ≤ −1. Applying φ, it is immediate that v p (φ j (x)) = 2 j r for all j ≥ 1. That is, the denominator of φ j (x) has p raised to the power −2 j r > 0, and hencê
If s ≤ −1 is odd, then regardless of the value of r = v p (x), we must have
If p = 2 and s = −2, write c = a/4, where a ∈ Q with v 2 (a) = 0. If r ≤ −2, then v 2 (φ j (x)) = 2 j r for all j ≥ 0, and henceĥ c (x) ≥ −r log 2 ≥ 2 log 2. If r ≥ 0, then v 2 (φ(x)) = −2, so thatĥ c (φ(x)) ≥ 2 log 2, and henceĥ c (x) ≥ log 2. Lastly, if r = −1, suppose first that a ≡ 1 (mod 4). Writing x = b/2 with v 2 (b) = 0, we have v 2 (b 2 +a) = 1, and therefore v 2 (φ(x)) = −1 as well. Thus, v 2 (φ j (x)) = −1 for all j ≥ 0, contradicting the hypotheses. Hence, we must instead have a ≡ 3 (mod 4). Then v 2 (b 2 + 1) ≥ 2, so that v 2 (φ(x)) ≥ 0, implying thatĥ c (φ(x)) ≥ log 2, and therefore thatĥ c (x) ≥ 2 −1 log 2. It remains to consider p = 2 and s = −4. If r ≤ −3, then v 2 (φ j (x)) = 2 j r for all j ≥ 0, and henceĥ c (x) ≥ −r log 2 ≥ 3 log 2. If r ≥ −1, then v 2 (φ(x)) = −4, so that h c (φ(x)) ≥ 4 log 2, and henceĥ c (x) ≥ 2 log 2.
Last, if p = 2, s = −4, and r = −2, write c = a/16 and x = b/4 with v 2 (a) = v 2 (b) = 0. We consider three cases. First, if a ≡ 3 (mod 8), then v 2 (b 2 + a) = 2, and hence v 2 (φ(x)) = −2; thus, v 2 (φ j (x)) = −2 for all j ≥ 0, contradicting the hypotheses. Second, if a ≡ 7 (mod 8), then v 2 (b 2 + a) ≥ 3, and hence v 2 (φ(x)) ≥ −1. By the previous paragraph, then,ĥ c (φ(x)) ≥ 2 log 2, and thereforeĥ c (x) ≥ log 2. Third, if a ≡ 1 (mod 4), then v 2 (b 2 + a) = 1, and hence v 2 (φ(x)) = −3. Again by the previous paragraph,ĥ c (φ(x)) ≥ 3 log 2, and thereforeĥ c (x) ≥ (3/2) log 2.
In Algorithm 2.4 below, we will check whether the denominator of φ 4 (x) is too large -that is, whether it is more than the square root of the denominator of c. If that happens, then some prime p appears in the denominator of φ 4 (x) to too large a power.
By Lemma 2.3 with i = 4, then, we would havê
Meanwhile, the parameters c in the search range we used had denominator at most 60060 2 and absolute value |c| ≤ 10, so that h(c) ≤ 2 log(60060) + log(10). Thus, the associated height ratio would be at least
≥ log 3 8(2 log(60060) + log 10) = 0.0056 . . . and usually much larger. In short, if the fourth iterate φ 4 (x) has the wrong denominator, the pair (x, c) will not be of interest to us.
Similarly, even though Lemmas 2.1 and 2.2 do not expressly disallow points of small but positive canonical height when c ≥ −3/4, they strongly suggest that such points would be unlikely to show up with denominators in our range of n < 60060. We confirmed the absence of such points for smaller denominators in some preliminary searches. Thus, although we risked missing a very small handful of points of small height and larger denominators, we decided to exclude the parameters c ≥ −3/4 from our search.
Our entire search, then, was over pairs (x, c) with x = m/n and c = k/n 2 fitting the restrictions of Lemmas 2.1 and 2.2. Meanwhile, since φ c (−x) = φ c (x), we may assume that the starting point x is positive. Thus, we were led to the following search algorithm, which is guaranteed to find all rational preperiodic pairs (x, c) in its search range, as well as nearly all pairs in the same range with especially small canonical height ratiô h c (x)/h(c). If this value is less than 0.03 times h(c), record it as our approximation for the canonical heightĥ c (x), and recordĥ c (x)/h(c) as the associated height ratio.
In [25] , Poonen fully classified all quadratic polynomial preperiodic orbits in Q with #O c (x) ≤ 4, which is why we discarded them in Step 5 of the algorithm. He also showed that for x, c ∈ Q, if x is preperiodic for φ c , then there are only two ways that the forward orbit O c (x) can have more than four points. Specifically, either c = −29/16 . . . Table 1 . (x, c) ∈ Q 2 in the search region with canonical height ratiô h c (x)/h(c) < 0.015 and x = ±3/4, or else the periodic cycle of the orbit has period at least 6; the latter should be impossible, according to Conjecture 2. If such a point did exist, Algorithm 2.4 would simply declare it to be a point of extremely small canonical height. We would have checked any such points by hand for preperiodicity, but our search found none.
Our choice of n max = 60060 = 2 2 · 3 · 5 · 7 · 11 · 13 is motivated first in order to ensure the computation finished in reasonable time, but also because the results of [20] show that preperiodic orbits in P 1 (Q) cannot be very long if there are small primes of good reduction. Moreover, the results of [2] show that there cannot be too many rational preperiodic points unless there are a lot of bad primes. The bad primes of z 2 + c are precisely those dividing the denominator of c, and hence we wanted our search to run at least to n = 60060.
In the case of p = 2, we needed the 2 in the denominator of x to appear to at least the power 2, for the following reason. Although any map φ q/4 (z) = z 2 + q/4 with q ∈ Q and q ≡ 1 (mod 4) has bad reduction as written, the conjugate φ q/4 (z + 1/2) − 1/2 = z 2 + z + (q − 1)/4 would have good reduction at 2; by the results of [29] (summarized in [28] , Theorem 2.28), the forward orbit of a preperiodic point x ∈ Q could then have length at most 4. (On the other hand, if q ≡ 3 (mod 4), then all points of Q would have canonical height at least log 2, as shown in the proof of Lemma 2.3.)
The results of Algorithm 2.4 are summarized in Table 1 . Note that although there continue to be pairs with canonical height ratio about .013 for c up to fairly large height (e.g., two on the list with n = 21840 = 2 4 · 3 · 5 · 7 · 13), none comes close to the ratio of less than .007 attained by the already-known pair (7/12, −181/144). Given the large size of this search (far larger than any prior search for such pairs), we view this as strong computational support for Conjecture 3, at least for quadratic polynomials over Q. In addition, as noted above, we found no preperiodic orbits outside of those classified , . . . Table 2 . (x, c) ∈ Q 2 in the search region with v 2 (x) ≥ −1 and canonical height ratioĥ c (x)/h(c) < 0.025 in [25] , thus providing further computational evidence for Conjecture 2, and hence for Conjecture 1 in the case of quadratic polynomials over Q.
We also found evidence to support our suspicions, mentioned earlier, that having a small prime of good reduction tends to make it difficult for the canonical heightĥ c (x) to be particularly small. Indeed, even though our search included pairs (x, c) for which the denominator n of x was not divisible by 4, the reader may have noticed that all of the pairs in Table 1 have n divisible by 12, and usually by 60. For comparison, Table 2 lists all pairs (x, c) in our search for which 4 ∤ n but the height ratioĥ c (x)/h(c) is less than .025. There were only four, only one of which even came close to the cutoff of .015 used for Table 1 . In addition, all four had n divisible by 15.
The full data, consisting of all pairs (x, c) which survived past Step 5 of Algorithm 2.4, may be found at http://www.cs.amherst.edu/~rlb/quadpolydata/.
Quadratic Rational Functions
The space M 2 of conjugacy classes of degree-2 self-morphisms of P 1 is known, by work of Milnor [17] and Silverman [27] , to be isomorphic to A 2 . In particular, they proved the following result, which appears as Theorem 4.56 in [28] .
Lemma 3.1. Let φ ∈ Q(z) be a rational function of degree 2. Then φ has three fixed points in P 1 (Q), counting multiplicity, and the multipliers of the fixed points are precisely the roots of a cubic polynomial
where σ 1 (φ), σ 2 (φ) ∈ Q are certain explicit rational functions of the coefficients of φ. Moreover, the function M 2 → A 2 given by φ → (σ 1 (φ), σ 2 (φ)) is an isomorphism of algebraic varieties defined over Q.
The precise formulas for σ 1 and σ 2 in terms of the coefficients of φ are not important here, but the interested reader can find them on page 189 of [28] . Instead, what is important is that Lemma 3.1 allows us to define a height function on M 2 , given by
where σ 1 (φ) = a/c and σ 2 (φ) = b/c, with a, b, c ∈ Z and gcd(a, b, c) = 1. However, we are interested instead in the moduli space not of morphisms φ, but rather of pairs (x, φ) consisting of a point x and a morphism φ. More precisely, given a field K, we define
where the equivalence relation ∼ is given by
for any η ∈ PGL(2, K).
Note that PM 2 is a space of dimension 3, because there are five dimensions of choices for φ (the six coefficients of the rational function, minus one for multiplying both top and bottom by an element of K) and one for x, but then the quotient by the action of PGL(2, K) subtracts three dimensions. We will parametrize this space using an idea suggested by Elkies [7] . Since we will be interested in both infinite orbits of small canonical height, and in preperiodic points with long forward orbits, we will restrict our attention to pairs (x, φ) for which the the first six iterates {φ i (x) : 0 ≤ i ≤ 5} are all distinct. (Incidentally, the moduli spaces corresponding to pairs (x, φ) where x is periodic of period 5 or less are all birational over Q to P 2 , as shown in Theorem 1(1) of [4] .) Call the subset of PM 2 consisting of (equivalence classes of) such pairs PM ′ 2 . Given (x, φ) ∈ PM ′ 2 , and writing
, then, there is a unique η ∈ PGL(2, K) such that η(x 0 ) = ∞, η(x 1 ) = 1, and η(x 2 ) = 0. Thus, the equivalence class of (x, φ) under ∼ contains a unique element whose orbit begins in the form
We can therefore parametrize PM ′ 2 as the Zariski open subset of A 3 consisting of triples (x 3 , x 4 , x 5 ) for which the map φ giving the partial orbit (3.2) actually has degree 2. (In particular, the three coordinates must be distinct, with none equal to 0 or 1, and φ must not degenerate to a lower-degree map.)
The restrictions that φ(∞) = 1 and φ(1) = 0 dictate that the associated map φ is of the form
Moreover, it is straightforward to check that (3.2) stipulates
Of course, the Zariski closed subset of A 3 on which φ does not have degree 2 is precisely the zero locus of the resultant of the two polynomials (a 1 z +a 0 )(z −1) and a 1 z 2 +b 1 z +b 0 .
Definition 3.2. For any integers m ≥ 0 and n ≥ 1 with m + n ≥ 6, let X m,n denote the space of triples (x 3 , x 4 , x 5 ) ∈ PM ′ 2 for which the map φ given by equations (3.3) and (3.4) satisfies φ m+n (∞) = φ m (∞), but φ i (∞) = φ j (∞) for any other i = j between 0 and m + n.
Put another way, X m,n is the moduli space of pairs (x, φ) up to coordinate change for which φ m (x) is periodic of minimal period n, but φ i (x) is not periodic for 0 ≤ i ≤ m − 1. Our preliminary searches showed an abundance of orbits with φ 6 (∞) = φ 4 (∞). This observation led us to the following result. Lemma 3.3. X 4,2 is birational to P 2 .
Proof. X 4,2 is the locus of triples for which φ(x 5 ) = x 4 . Solving this equation using the formula for φ from equations (3.3) and (3.4) gives
Dividing out by the first four factors, which correspond to parameter choices outside PM ′ 2 , we get (3.5)
Thus, X 4,2 is parametrized by (x 3 , x 4 ), with x 5 given by equation (3.5).
Remark 3.4. With x 5 given by equation (3.5) , it is easy to check with computational software that the resultant of the numerator and denominator of the corresponding map φ from equations (3.3) and (3.4) is
It is fairly clear why most of the terms in expression (3.6) appear, when we recall that x 3 , x 4 , x 5 must all be distinct, with none equal to 0, 1, ∞. The term x 3 x 4 − x 3 + x 4 , meanwhile, appears because it is zero precisely when the degree 1 map taking ∞ → 1 → 0 → x 3 already maps x 3 to x 4 , and hence φ degenerates.
Bearing in mind everything so far in this section, we are led to the following algorithm. 5. Discard the triple (
since either one forces the height ratioĥ φ (∞)/h(φ) to be larger than the threshold r. 6. Otherwise, compute 2 −15 h φ 15 (∞) .
If this value is less than r · h(φ) + 2 −15 C, record it as our approximation for the canonical heightĥ φ (∞), and recordĥ φ (x)/h(φ) as the associated height ratio.
See http://www.cs.amherst.edu/~rlb/quadratdata/ for the full data we found with Algorithm 3.5. The most noticeable feature of the data was the huge number of points on X 5,2 . We therefore analyzed X 5,2 , leading us to the following result, which is the precise form of the Theorem stated in the introduction. E :
Moreover, E has positive rank over Q(t), including the non-torsion point P given by (x, y) = (0, t
Proof. There is a morphism X 5,2 → X 4,2 taking a pair (x, φ) to the pair (φ(x), φ). Parametrizing X 4,2 by (x 3 , x 4 ) via equation (3.5) as in the proof of Lemma 3.3, and letting ψ denote the morphism giving the orbit ∞, 1, 0, x 3 , x 4 , x 5 , x 4 , we can parametrize X 5,2 by triples (x 3 , x 4 , w) for which ψ(w) = ∞. That is, X 5,2 is the subvariety of A 3 defined by g(x 3 , x 4 , w) = 0, where
is the denominator of ψ(w). This variety is singular along the line x 3 = w = 1. Blowing up along this line via (x 3 − 1)s = w − 1 gives the surface
= 0, which is cubic in (x 3 , x 4 ). Standard manipulations, along with the substitution s = t+1, give equation (3.7), with the birationality given by
The point P in the statement of the Theorem obviously lies on the Q(t)-curve E of equation (3.7) . Finally, specializing E at t = 1 gives an isomorphic copy of curve 142a1 in Cremona's tables, which has trivial torsion and rank 1 over Q. The point P specializes to the generator, and hence P must have infinite order in E(Q(t)).
Obviously the point P itself lies in the degeneracy locus of the birationality of Theorem 3.6, given the formula x 3 = t 2 (t + 1)/x. Meanwhile, it is easy to compute the first few multiples of P on E:
[5]P = − t(t + 1), −t(t + 1)(t 3 + 3t 2 + 2t − 1) ,
and it turns out that all of the points [n]P , for n ∈ {0, ±1, ±2, ±3, ±4, ±5}, also lie in the degeneracy locus. However, all but finitely many [n]P must lie off it, and in particular, both [6] P and [−6]P are nondegenerate. [6] P , for example, corresponds to
with pole
.
Meanwhile, given the results of [4] on the infinitude of conjugacy classes admitting a rational 6-periodic point, there are also certainly infinitely many rational functions with a length 7 preperiodic orbit. Indeed, given any non-critical point x in the 6-cycle (which will be most, and usually all, of them), the other preimage y of φ(x) is necessarily rational and strictly preperiodic with orbit length 7. Thus, (y, φ) gives a point in X 1,6 (Q).
We also found numerous rational points (though not nearly as many as for X 5,2 ) on the other moduli surfaces corresponding to strictly preperiodic orbits of length 7: X 6,1 , X 4,3 , X 3,4 , and X 2,5 It would be interesting to find descriptions of these other moduli surfaces, some of which probably have infinitely many rational points. By contrast, the only rational points we found on X 0,7 , the moduli space of maps with 7-cycles, corresponding to conjugates of the map φ of equation (0.1).
As for preperiodic orbits of length 8, certainly X 1,7 (Q) is nonempty. After all, each of the seven strictly preperiodic points of the map φ of equation (0.1) has forward orbit of length 8. The resulting elements of X 1,7 did not show up directly in our search, however, because the coordinate change required (to move any such preperiodic point x to ∞, φ(x) to 1, and φ 2 (x) to 0) results in a triple (x 3 , x 4 , x 5 ) outside our search region. We found several other triples (x 3 , x 4 , x 5 ) corresponding to rational forward orbits of length 8; they are all listed in Table 3 . We found 26 points in X 6,2 , two in X 5,3 , and none in any other surface X m,n with m + n = 8. (It should be expected that 2-cycles are the easiest to realize, as a degree-two map has three fixed points, six 3-periodic points, and many more of any higher period, but only two 2-periodic points. Thus, the 2-periodic points are roots of a quadratic polynomial, while all the other periodic points are roots of higher-degree polynomials.)
Accounting for both preimages of each point in the strict forward orbit of ∞, each of the maps listed in Table 3 comes with 14 rational preperiodic points, assuming none of the points involved are critical images. And a simple but tedious computation shows that this assumption is accurate. (In fact, none of the 28 maps in Table 3 has any Q-rational critical points at all.) Moreover, a longer computation -using Hutz's algorithm [13] for computing Preper(φ, Q) -shows that in each case, Preper(φ, Q) is precisely this set of 14 points. The foregoing evidence from our data led us to propose parts (a)-(c) of Conjecture 5.
The abundance of points in X 6,2 suggests that X 6,2 may be infinite, although we have not yet found a proof or disproof of this statement. Meanwhile, the surfaces X m,n for other m, n with m + n = 8 all appear to have at most finitely many rational points. However, here the limitations of our search region, even though it is quite large, should inspire some caution. In particular, as noted above, we know that X 1,7 must have some φ orbit tail period total length 399z 2 −9785z+9386 399z 2 −2063z−1482 Table 3 . (∞, φ) ∈ PM ′ 2 (Q) in the search region with preperiodic orbit of length (at least) 8 Q-rational points, but they all lie outside our region. That is, all such points (x 3 , x 4 , x 5 ) have max{h(x 3 ), h(x 4 ), h(x 5 )} > log 100.
We close with Table 4 , which gives the pairs (x, φ) in our search region with the smallest positive height ratiosĥ φ (x)/h(φ) that we found -specifically, with ratio less than .0012. (Recall that h(φ) is the height of φ itself as given by Lemma 3.1 and equation (3.1).) Actually, Table 4 does not list all such pairs in the search region, because they tend to come in sets of two. After all, if (∞, φ) has small canonical height ratio, then unless ∞ happens to be a critical point of φ (which did not happen for any of the small height pairs we found), there is a distinct point y ∈ Q such that φ(y) = φ(∞). Because all the relevant heights are invariant under coordinate change, the height ratio for (y, φ) coincides with that for (∞, φ). Table 4 only lists one of the two pairs in this situation.
In addition, the canonical heights and height ratios in the table are only approximations, given the mere 15 iterations we used in Algorithm 3.5. Still, checking the constant Nevertheless, this rounding error shows up when we note that the fifth map listed in Table 4 is simply a coordinate change of the first! More precisely, calling the first pair (∞, ψ), the fifth is the equivalence class of (ψ(∞), ψ). The canonical height ratio of the latter pair must be exactly double that of (∞, ψ), but our rounding error doesn't quite show this exact doubling.
Incidentally, this same pair (∞, ψ) provides further evidence for Conjecture 3. First discovered by Elkies in a similar but smaller-scale search [7] , it showed up very early in our search, because the point (∞, ψ) ∈ PM ′ 2 is represented by the small-height triple (x 3 , x 4 , x 5 ) = (−1/3, −1/5, −3/5). It is telling that the second-place candidate had height ratio one and a half times as large, even though our search extended to points in PM Remark 3.7. The decision to check the height of φ i (∞) for iterates i = 8, 10, 15 in Algorithm 3.5 was somewhat arbitrary, but the goal was to minimize the algorithm's run time. In practice, most points tested tend to blow up in height rapidly under iteration, and therefore we did a preliminary check only a few iterations after x 5 and another two iterations later, to avoid computing ten iterates of x 5 for every candidate. On the other hand, the computation time required to test all the iterates i = 6, 7, . . . for each candidate also slowed the program down. Thus, we ultimately settled on testing only at i = 8, 10, 15 by trial and error on relatively small search regions. Similarly, the threshold of .002 as an upper bound for height ratios of interest was chosen by trial and error -small preliminary searches suggested there were plenty of interesting points with ratio below .002, but simply too many larger than that.
